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We study the Landau–Streater quantum channel Φ : B(Hd) 7→ B(Hd), whose Kraus
operators are proportional to the irreducible unitary representation of SU(2) gen-
erators of dimension d. We establish SU(2) covariance for all d and U(3) covariance
for d = 3. Using the theory of angular momentum, we explicitly find the spectrum
and the minimal output entropy of Φ. Negative eigenvalues in the spectrum of Φ
indicate that the channel cannot be obtained as a result of Hermitian Markovian
quantum dynamics. Degradability and antidegradability of the Landau–Streater
channel is fully analyzed. We calculate classical and entanglement-assisted capac-
ities of Φ. Quantum capacity of Φ vanishes if d = 2, 3 and is strictly positive if
d > 4. We show that the channel Φ ⊗ Φ does not annihilate entanglement and
preserves entanglement of some states with Schmidt rank 2 if d > 3.
I. INTRODUCTION
The state of a finite dimensional quantum system is described by the density operator
̺ ∈ B(Hd) acting on the Hilbert space Hd, d = dimHd. The density operator is Hermitian,
positive semidefinite, and has unit trace.
In the theory of open quantum systems, the most general form of the density operator
transformation due to its own evolution and interaction with some environment (initially
uncorrelated from the system) is given by a quantum channel Φ : B(Hd1) 7→ B(Hd2), which
is a completely positive and trace preserving linear map (Ref.1, section 6.3). In what follows,
we consider the case when the system dimension does not change, i.e., d1 = d2 = d.
There is a special class of unital quantum channels, which preserve the maximally mixed
state 1dI, where I is the identity operator, i.e. Φ[
1
dI] =
1
dI. The seminal result of Landau
and Streater2 is that all unital channels Φ : B(H2) 7→ B(H2) are random unitary, i.e.
Φ[̺] =
∑
i piUi̺U
†
i for some probability distribution {pi} and unitary operators Ui acting
on H2; whereas for larger dimensions this is not the case2. Moreover, Landau and Streater2
provided an example of quantum channel Φ : B(Hd) 7→ B(Hd), which is unital but not
random unitary for all d > 3.
The main goal of this paper is to explore quantum informational properties of the Landau–
Streater map
Φ[ρ] =
1
j(j + 1)
(JxρJx + JyρJy + JzρJz) (1)
defined through the SU(2) generators Jx, Jy, Jz acting on a (2j + 1)-dimensional Hilbert
space H2j+1. Physically, this space corresponds to the state space of a spin-j particle.
Hermitian operators Jx, Jy, Jz are spin projection operators onto axes x, y, z, respectively.
Hereafter, we will use indices x, y, z and 1, 2, 3 interchangeably. The map (1) is completely
positive as it has diagonal sum (Kraus) representation (Ref.1, Corollary 6.13), and is trace
preserving as
∑3
k=1 J
2
k = j(j +1)I (Ref.
3, section 6.1.2, formula (5)). The latter formula is
also responsible for unitality of the map (1).
If j = 12 , then Jk =
1
2σk, where {σk}3k=1 is the conventional set of Pauli operators. In
this case d = 2 and Φ is random unitary2. Such a channel Φ is also referred to as the best
physical approximation of the universal NOT gate for qubits4.
2If j > 1, then the map (1) is an extremal channel in the set of all channels, and therefore
it cannot be random unitary2. Also, in contrast to the case j = 12 , the channel (1) differs
from the spin polarization-scaling channels5 if j > 1.
Since the Landau–Streater channel (1) is essentially unexplored, the goal of this paper is
to fill the gap in both the fundamental properties (such as covariance and spectrum of the
output states) and more specific quantum informational properties (such as classical and
quantum capacities, entanglement dynamics).
The paper is organized as follows.
In section II, we study covariance properties of the Landau–Streater channel. In sec-
tion III A, we explicitly find the spectrum of Φ for all j. In section III B, we analyze the
spectrum of the output operator Φ[X ] and reveal its peculiarities in the case j = 1. Such
peculiarities are attributed to the fact that the Landau–Streater channel for j = 1 reduces
to the Werner–Holevo channel6. In section III C, we explicitly find the maximal p-norm and
the minimal output entropy of the general Landau–Streater channel. In section IV, physical
realization of the Landau–Streater channel and its complementary version is discussed. In
section V, different capacities of the Landau–Streater channel are evaluated. In section VI,
we examine the entanglement annihilation property of the channel Φ ⊗ Φ. In section VII,
brief conclusions and outlook are presented.
II. COVARIANCE
Following Refs.7, consider a group G and a unitary representation g → Ug, g ∈ G, in Hd.
The channel Φ : B(Hd) 7→ B(Hd) is called covariant with respect to representation Ug if
there exists a unitary representation g → Vg, g ∈ G, in Hd such that
Φ[UgXU
†
g ] = VgΦ[X ]V
†
g (2)
for all g ∈ G andX ∈ B(Hd). Covariance of a channel has many implications, e.g. the strong
converse property of the entanglement-assisted classical capacity9. Many other properties
and the structure of irreducibly covariant quantum channels are reviewed in Ref.10.
We start with the simple observation that the Landau–Streater channel (1), by construc-
tion, is endowed with the SU(2) covariance.
Proposition 1 The Landau–Streater channel Φ : B(H2j+1) → B(H2j+1) is covariant
with respect to the unitary representation of SU(2) for all spins j, namely, Φ[UgXU
†
g ] =
UgΦ[X ]U
†
g for all g ∈ SU(2) and X ∈ B(H2j+1).
Proof. Up to an irrelevant phase, any Ug, g ∈ SU(2) can be expressed through the SU(2)
generators {Jα}α∈{x,y,z} as follows:
Ug = exp
(
−iθ
∑
α
nαJα
)
, (3)
where n = (nx, ny, nz) is a unit vector in R
3, which defines the rotation axis, and θ ∈ R
is the rotation angle. The operators Jx, Jy, Jz satisfy the commutation relation [Jα, Jβ ] =
i
∑3
γ=1 eαβγJγ , where eαβγ is the Levi-Civita symbol (Ref.
3, section 2.1.2, formula (7)).
Using such a commutation relation, it is not hard to see that (Ref.3, section 3.1.3, formula
(11); section 3.1.6, item (a); section 1.4.5, formula (33))
U †gJαUg =
∑
β
QαβJβ , (4)
3where (Qαβ) is the orthogonal matrix describing the rotation in R
3 around the axis n by
angle θ (Ref.3, section 1.4.2). Finally, we get
Φ[UgXU
†
g ] =
1
j(j + 1)
∑
α
JαUgXU
†
gJα
=
1
j(j + 1)
∑
α
Ug(U
†
gJαUg)X(U
†
gJαUg)U
†
g
=
1
j(j + 1)
∑
α,β,γ
QαβQαγUgJβXJγU
†
g
=
1
j(j + 1)
∑
βγ
δβγUgJβXJγU
†
g
= UgΦ[X ]U
†
g , (5)
where we have taken into account that
∑
αQαβQαγ = δβγ , the Kronecker delta. 
Since the Landau–Streater channel is extreme in the set of all channels2 it follows that it
is also an extreme point of SU(2) irreducibly covariant channels (abbreviated as an EPOSIC
channel). The general properties of an EPOSIC channel such as the Kraus representation,
the Choi matrix, and the dual channel are reviewed in Ref.11.
It turns out that in the case j = 1 the Landau–Streater channel is not only SU(2)
covariant, but also globally unitarily covariant. It means that in dimension d = 3 the
channel (1) possesses U(3) covariance.
Proposition 2 In the case j = 1, the Landau–Streater channel is globally unitarily covari-
ant, namely, for all X ∈ B(H3) and unitary operators U on H3 the following holds
Φ[UXU †] = V Φ[X ]V †, (6)
where the unitary operator V is expressed through U in the orthonormal basis of eigenvectors
of Jz via formula
U =
u11 u12 u13u21 u22 u23
u31 u32 u33
 , V =
 u33 −u32 u31−u23 u22 −u21
u13 −u12 u11
 . (7)
Proof. Note that V is unitary if U is unitary. In the basis of eigenvectors of Jz, the
operators {Jα}α=x,y,z have the following form if j = 1:
Jx =
 0
1√
2
0
1√
2
0 1√
2
0 1√
2
0
 , Jy =
 0 −
i√
2
0
i√
2
0 − i√
2
0 i√
2
0
 , Jz =
1 0 00 0 0
0 0 −1
 . (8)
Substituting these operators in equation (1), the direct calculation justifies the validity of
formulas (6), (7). 
The global unitary covariance is known to be a peculiar property of the tracing, transpo-
sition, and identity maps. This feature allowed one to find specific results for the Werner–
Holevo channel12 and transpose-depolarizing channels13 as well as to prove additivity of
classical capacity for depolarizing quantum channels14. We have just found out that the
Landau–Streater map for j = 1 is globally unitarily covariant too. However, as we show
below, in the case j > 1 the Landau–Streater channel loses the property of global unitary
covariance.
Proposition 3 The Landau–Streater channel is not globally unitarily covariant if j > 1.
4Proof. We prove the statement by constructing a counterexample. Suppose the Landau–
Streater channel Φ : B(H2j+1) 7→ B(H2j+1), j > 1, is covariant with respect to representa-
tion of U(2j +1). Then for any unitary operator U acting on H2j+1, there exists a unitary
operator V such that
Φ[UρU †] = VΦ[ρ]V † (9)
holds true for all density operators ρ. This implies that the output density operators
Φ[UρU †] and Φ[ρ] have identical spectra.
Consider eigenvectors of the spin projection onto z-axis (Ref.3, section 6.1.2, formula(5)):
Jz |j,m〉 = m|j,m〉, m = j, j − 1, . . . ,−j. (10)
Let ρ = |j, j〉〈j, j| and
U = |j, j − 1〉〈j, j|+ |j, j〉〈j, j − 1|+
j−2∑
k=−j
|j, k〉〈j, k|, (11)
then Φ[|j, j − 1〉〈j, j − 1|] and Φ[|j, j〉〈j, j|] must have the same spectra.
On the other hand, action of the Landau–Streater map on the states |j,m〉〈j,m| with
definite spin projection m onto z-axis can be expressed explicitly by introducing auxiliary
operators J± = Jx ± iJy satisfying (Ref.3, section 2.3.3, formula (7); section 6.1.2, formula
(13))
J±|j,m〉 =
√
(j ∓m)(j ±m+ 1)|j,m± 1〉. (12)
Since Φ[X ] = [j(j + 1)]−1
(
1
2J−XJ+ +
1
2J+XJ− + JzXJz
)
, we get
Φ[|j,m〉〈j,m|] = 1
j(j + 1)
[
1
2
(j(j + 1)−m(m− 1)) |j,m− 1〉〈j,m− 1|
+
1
2
(j(j + 1)−m(m+ 1)) |j,m+ 1〉〈j,m+ 1|+m2|j,m〉〈j,m|
]
, (13)
from which we make conclusion about the spectrum of the output state Φ[|j,m〉〈j,m|]:
Spec (Φ[|j,m〉〈j,m|]) =
{
j(j + 1)−m(m+ 1)
2j(j + 1)
,
j(j + 1)−m(m− 1)
2j(j + 1)
,
m2
j(j + 1)
, 0, 0, . . .
}
.
(14)
If j > 1, then Spec (Φ[|j, j〉〈j, j|]) 6= Spec (Φ[|j, j − 1〉〈j, j − 1|]). This contradiction con-
cludes the proof. 
III. SPECTRAL PROPERTIES
A. Spectrum of the map
The Landau–Streater channel Φ is Hermitian as it coincides with its dual Φ†, therefore its
spectrum {λk}(2j+1)
2−1
k=0 is real. Hermitian eigenoperatorsXk satisfy Φ[Xk] = λkXk. Due to
unitality of Φ, the identity operator I is the eigenoperator, so we can fix the corresponding
eigenvalue λ0 = 1 for all j. By determinant detΦ of the channel Φ we will understand the
product of its eigenvalues
∏
k λk.
If j = 12 , then Jx, Jy, Jz are eigenoperators of Φ and λ1 = λ2 = λ3 = − 13 . In this case,
detΦ = − 127 < 0, so the channel Φ is not infinitesimally divisible15 and cannot be obtained
as a result of Markovian evolution, although it can be realized physically, e.g., via collision
models16.
5If j = 1, then Jx, Jy, Jz are eigenoperators of Φ with corresponding eigenvalues λ1 =
λ2 = λ3 =
1
2 . Five more eigenoperators have the form 3
(∑
α n
(k)
α Jα
)2
− 2I, n(k) ∈ R3,
k = 1, . . . , 5 (Ref.17, formula (8) and text after formula (36)) and correspond to eigenvalues
λ4 = . . . = λ8 = − 12 . Similarly, detΦ < 0, so such a channel cannot be a result of Markovian
evolution.
In what follows, we find spectrum of the Landau–Streater map Φ : B(H2j+1) 7→ B(H2j+1)
for an arbitrary integer or half-integer j. As we show, the eigenoperators of Φ are partic-
ularly related with the irreducible tensor operator T
(j)
LM for the SU(2) group, which is also
known as the polarization operator (Ref.3, section 2.4.2, formula (6); section 8.4.3, formula
(10)):
T
(j)
LM =
√
2L+ 1
2j + 1
j∑
m1,m2=−j
Cjm2jm1LM |jm2〉〈jm1| =
j∑
m1,m2=−j
(−1)j−m1CLMjm2j−m1 |jm2〉〈jm1|,
(15)
where CJMj1m1j2m2 is the conventional Clebsch–Gordan coefficient.
Proposition 4 The spectrum of the Landau–Streater map Φ : B(H2j+1) 7→ B(H2j+1) com-
prises (2L+ 1)-fold degenerate eigenvalues
λL = 1− L(L+ 1)
2j(j + 1)
, L = 0, 1, . . . , 2j. (16)
The corresponding eigenoperators are linearly independent operators of the form UgT
(j)
L0 U
†
g ,
where the operators Ug belong to the unitary representation of the SU(2) group.
Proof. We start with the observation that T
(j)
L0 is the eigenoperator of Φ. To prove this
fact we rewrite the Landau–Streater channel in the form Φ[X ] = [j(j + 1)]−1(12J+XJ− +
1
2J−XJ+ + JzXJz) and use the commutation relations [J±, T
(j)
L0 ] =
√
L(L+ 1)T
(j)
L±1 and
[Jz , T
(j)
L0 ] = 0 (see Ref.
3, section 2.4.1, formula (1); section 2.3.3, formula (7); for the
Clebsch-Gordan coefficients CL±1L01±1 = ∓ 1√2 and CL0L010 = 0 see section 8.5.1, formula (8)).
We get
Φ
[
T
(j)
L0
]
=
1
j(j + 1)
[(
1
2
J+J− +
1
2
J−J+ + JzJz
)
T
(j)
L0 −
√
L(L+ 1)
2
(
J+T
(j)
L−1 + J−T
(j)
L1
)]
.
(17)
The first expression in parentheses (·) is j(j +1)I, whereas the second expression in paren-
theses (·) can be simplified because J± = ∓
√
2j(j+1)(2j+1)
3 T
(j)
1±1 (Ref.
3, section 2.4.2, formula
(10); section 2.3.3, formula (7)) and the product T
(j)
1±1T
(j)
L∓1 is known (Ref.
3, section 2.4.4,
formula (16)):
J+T
(j)
L−1 + J−T
(j)
L1 = −
√
2j(j + 1)(2j + 1)
3
(
T
(j)
11 T
(j)
L−1 − T (j)1−1T (j)L1
)
= −
√
2j(j + 1)(2j + 1)
3
∑
L′
(−1)2j+L′
√
3(2L+ 1)
{
1 L L′
j j j
}(
CL
′0
11L−1 − CL
′0
1−1L1
)
T
(j)
L′0.
(18)
The Clebsch-Gordan coefficients CL
′0
11L−1 and C
L′0
1−1L1 coincide if L
′ = L ± 1 (Ref.3, section
8.4.3, formula (11)) and vanish if L′ < L−1 or L′ > L+1 (Ref.3, section 8.1.1, formula (1)),
so the only contribution to (18) makes L′ = L, when CL011L−1−CL01−1L1 =
√
2 (Ref.3, section
8.5.1, formula (8)). The Wigner 6j-symbol
{
1 L L
j j j
}
= 12 (−1)2j+L+1
√
L(L+1)
j(j+1)(2j+1)(2L+1)
6(Ref.3, section 9.5.4, formula (21)). Finally, J+T
(j)
L−1 + J−T
(j)
L1 =
√
L(L+ 1)T
(j)
L0 . Sub-
stituting this result in formula (17), we conclude that T
(j)
L0 is the eigenoperator of Φ and
corresponds to the eigenvalue λL given by formula (16).
Due to the SU(2)-covariance of Φ (proposition 1), the operators UgT
(j)
L0 U
†
g are eigen-
operators of Φ too and correspond to the eigenvalue λL. It is known that there are ex-
actly 2L+ 1 linear independent operators UgT
(j)
L0 U
†
g if Ug is a representation of the SU(2)
group (see Ref.18, formula (11), where S
(j)
L is proportional to the operator T
(j)
L0 , and Ref.
17,
text after formula (36)). Therefore, eigenvalues λL are (2L + 1)-fold degenerate. Since∑2j
L=0(2L + 1) = (2j + 1)
2, the given eigenvalues are the only ones and constitute the
spectrum of Φ. 
In the latter proposition, for the case L = 1 the generators Jx, Jy, Jz are exactly the
three linear independent eigenoperators of Φ : B(H2j+1) 7→ B(H2j+1) corresponding to the
eigenvalue 1− 1j(j+1) .
It is not hard to see that if L = 2j, then λL < 0. Negativity of the eigenvalue implies that
the Landau–Streater channel cannot be obtained via positive divisible Hermitian evolution19
for any j.
B. Spectrum of the output
Let us consider spectral properties of the output operator, i.e., the spectrum of Φ[X ],
where X is a Hermitian input operator.
It is not hard to see that in the case j = 12 the spectrum of Φ[X ] is { 13 (x1+2x2), 13 (2x1+
x2)} provided the spectrum of the input density operator ρ is {x1, x2}.
Corollary 1 The output purity and entropy of the Landau–Streater channel Φ : B(H2) 7→
B(H2) for all pure spin- 12 input states |ψ〉〈ψ| are equal to 59 and log 3− 23 , respectively.
The case j = 1 is more involved, but in this case the spectrum of the output also depends
only on the spectrum of the input, as we show in the following proposition.
Proposition 5 Suppose a Hermitian operator X ∈ B(H3) with spectrum {x1, x2, x3}. The
output operator Φ[X ] of the Landau–Streater channel Φ : B(H3) 7→ B(H3) has spectrum
{ 12 (x1 + x2), 12 (x1 + x3), 12 (x2 + x3)}.
Proof. In the basis of eigenvectors of Jz, the action of the Landau–Streater channel reads
Φ
X11 X12 X13X21 X22 X23
X31 X32 X33
 = 1
2
X11 +X22 X23 −X13X32 X11 +X33 X12
−X31 X21 X22 +X33
 . (19)
Since the Landau–Streater channel Φ : B(H3) 7→ B(H3) is globally unitarily covariant by
proposition 2, the spectrum of the output operator Φ[X ] depends only on the spectrum of
the input operator X . To find the explicit relation between the spectra we consider the
unitary operator U realizing the transition from the basis of eigenvectors of X to the basis of
eigenvectors of Jz. Then in the basis of eigenvectors of Jz we have UXU
† = diag(x1, x2, x3)
and Φ[UXU †] = diag
(
1
2 (x1 + x2),
1
2 (x1 + x3),
1
2 (x2 + x3)
)
. Thanks to the global unitary
covariance, the latter diagonal matrix is exactly the spectrum of Φ[X ]. 
The spectral property of the Landau–Streater channel Φ : B(H3) 7→ B(H3) resembles
that of the depolarizing channel, but the Landau–Streater channel is not depolarizing in
the case j = 1. This peculiarity is ascribed to the close relation between the Landau–
Streater channel and the Werner–Holevo channel ΦWH : B(Hd) 7→ B(Hd) defined through
transposition ⊤ in some orthonormal basis via formula ΦWH[X ] = 1d−1
(
tr[X ]I −X⊤),
Ref.6. It turns out that if d = 3 and transposition ⊤ is performed in the basis of eigenstates
7of Jz, then the Landau–Streater channel Φ : B(H3) 7→ B(H3) is merely the Werner–Holevo
channel concatenated with a unitary channel:
Φ[X ] = ΦWH[WXW
†] =
1
2
(
tr[X ]I −WX⊤W †) , (20)
where W = |1, 1〉〈1,−1| − |1, 0〉〈1, 0|+ |1,−1〉〈1, 1| is a unitary operator.
Since the spectrum of pure states consists of 1 and zeros, we can make conclusions about
the output purity µout = tr
[
(Φ[ρ])2
]
and the output entropy Sout = −tr [Φ[ρ] logΦ[ρ]] for
pure input states in cases j = 12 and j = 1. Hereafter, log is understood as log2 if one
measures the entropy and capacity in bits.
Corollary 2 The output purity and entropy of the Landau–Streater channel Φ : B(H3) 7→
B(H3) for all pure spin-1 input states |ψ〉〈ψ| are equal to 12 and 1, respectively.
In the case j > 1, the spectrum of Φ[X ] depends not only on the spectrum ofX but also on
the particular form of the operator X . For instance, in the case j = 32 , one can consider two
different pure input states | 32 , 32 〉〈32 , 32 | and | 32 , 12 〉〈32 , 12 | with identical spectra {1, 0, 0, 0}. By
formula (14) Spec
(
Φ
[| 32 , 32 〉〈32 , 32 |]) = { 35 , 25 , 0, 0} and Spec (Φ [| 32 , 12 〉〈32 , 12 |]) = { 25 , 14 , 815 , 0},
so spectra of output states may not coincide. Similarly to the case j = 32 , for any j > 1
one can always take pure input states |j, j〉〈j, j| and |j, j − 1〉〈j, j − 1| and make sure that
Spec (Φ [|j, j〉〈j, j|]) 6= Spec (Φ [|j, j − 1〉〈j, j − 1|]).
C. The maximal p-norm and the minimal output entropy
The maximal p-norm of a channel Φ is defined by the formula
νp(Φ) = sup
ρ
{‖Φ[ρ]‖p}, (21)
where ‖Φ[ρ]‖p = {tr(Φ[ρ])p}1/p is the Schatten p-norm of Φ[ρ]. The maximal 2-norm is
merely the square root of the maximal output purity. Before we proceed to the analysis
of maximal p-norm and minimal output entropy of the Landau–Streater channel, we prove
auxiliary results following from the theory of angular momentum.
Lemma 1 Let k ∈ R3 be a unit vector, |k| =
√
k21 + k
2
2 + k
2
3 = 1. The spectrum of operator∑3
α=1 kαJα is {m}jm=−j.
Proof. Physically, the operator
∑3
α=1 kαJα is the spin projection operator onto axis k and
therefore has the same spectrum as any of operators Jx, Jy, Jz. Mathematically, there exists
a unitary operator Ug : B(H2j+1) 7→ B(H2j+1), g ∈ SU(2), such that U †gJzUg =
∑3
β=1 kβJβ ,
cf. formula (4) with kβ = Q3β, where Q is orthogonal. Hence, Spec
(∑3
α=1 kαJα
)
=
Spec(Jz) = {m}jm=−j. 
The eigenvector |ψk〉 of operator
∑3
α=1 kαJα corresponding to the maximal eigenvalue j
will be referred to as a vector with the maximal spin polarization. Clearly, |ψk〉 = U †g |j, j〉,
where Ug is the unitary operator used in the proof of Lemma 1.
Lemma 2 Let k ∈ R3, |k| = 1. The maximum of expression
∥∥∥∑3α=1 kαJα|ψ〉∥∥∥2 with
respect to normalized vectors |ψ〉 ∈ H2j+1 equals j2 and is attained at the state |ψk〉 with
the maximal spin polarization.
Proof. By Lemma 1, the spectrum of
(∑3
α=1 kαJα
)2
reads {m2}jm=−j. Therefore,
‖
(∑3
α=1 kαJα
)
|ψ〉‖2 = 〈ψ|
(∑3
α=1 kαJα
)2
|ψ〉 ≤ j2〈ψ|ψ〉 = j2 and
〈ψk|
(∑3
α=1 kαJα
)2
|ψk〉 = j2. 
8Lemma 3 If j ≥ 1, then 〈ψ|Jz|ψ〉2 ≤ 9j2 j
2−〈ψ|J2
x
|ψ〉
2j−1 for all normalized vectors |ψ〉 ∈ H2j+1.
Proof. By Lemma 1, the spectral decomposition of J2x reads J
2
x = j
2(Pj + P−j) +∑j−1
m=−j+1m
2Pm, where Pm = |j,m〉x〈j,m| and Jx|j,m〉x = m|j,m〉x. The average value
〈J2x〉 = j2 − ǫ ≤ pj2 + (1 − p)(j − 1)2, where p = 〈(Pj + P−j)〉. Therefore, 1 − p ≤ ǫ2j−1 =
j2−〈J2
x
〉
2j−1 .
Let |ψ〉 = cj |j, j〉x + c−j |j,−j〉x +
∑j−1
m=−j+1 cm|j,m〉x. Note that x〈j, j|Jz |j, j〉x = 0,
x〈j,−j|Jz |j,−j〉x = 0, x〈j, j|Jz |j,−j〉x = 0 if j ≥ 1, p = |cj |2 + |c−j |2, and 1 − p =∑j−1
m=−j+1 |cm|2. We have
〈ψ|Jz |ψ〉 = 2Re
 j−1∑
m=−j+1
cm x〈j,m|
 Jz (cj |j, j〉x + c−j |j,−j〉x)
+
 j−1∑
m=−j+1
cm x〈j,m|
 Jz
 j−1∑
m′=−j+1
cm′ |j,m′〉x

≤ 2√p
√
1− p j + (1− p)j ≤ 3
√
1− p j. (22)
Noticing that −Jz has the same spectrum as Jz and arguing as above, we see that
〈ψ|Jz |ψ〉 ≥ 2√p
√
1− p (−j) + (1 − p)(−j) ≥ −3√1− p j. Thus, |〈ψ|Jz |ψ〉| ≤ 3
√
1− p j.
Squaring both sides of this inequality and recalling 1 − p ≤ j2−〈J2x〉2j−1 , we get the statement
of Proposition concludes the proof. 
Lemma 3 shows that the average value 〈Jz〉 cannot be large when 〈J2x〉 is close to its
maximal value j2. Lemma 3 obviously remains valid if one replaces Jx by Jy.
Lemma 4 Let the vectors k, l ∈ R3 satisfy |k|2+ |l|2 = 1, then
∥∥∥∑3α=1(kα + ilα)Jα|ψ〉∥∥∥2 ≤
max(j, j2) for all normalized vectors |ψ〉 ∈ H2j+1.
Proof. Suppose k and l are linearly dependent, i.e., k = |k|n and l = |l|n for some unit
vector n ∈ R3. Then
∥∥∥∑3α=1(kα + ilα)Jα|ψ〉∥∥∥2 = (|k|2 + |l|2)∥∥∥∑3α=1 nαJα|ψ〉∥∥∥2 ≤ j2 by
Lemma 2.
Suppose k and l are linearly independent. Note that
∥∥∥∑3α=1(kα + ilα)Jα|ψ〉∥∥∥2 = 〈ψ|F |ψ〉,
where
F :=
∑
α,β
(kα − ilα)(kβ + ilβ)JαJβ =
(∑
α
kαJα
)2
+
(∑
α
lαJα
)2
+
∑
γ
[l× k]γJγ . (23)
Here, we have used the commutation relation [Jα, Jβ] = i
∑
γ eαβγJγ and the notation [l×k]
for the conventional cross product of vectors l and k. Let the angle between vectors k and
l be ϑ. Consider a rotation Q in R3 such that Q
(
k
|k| +
l
|l|
)
is aligned with the positive
direction of axis x and Q[l × k] is aligned with the positive direction of axis z. In other
words, the vectorsQk and Ql belong to the xy-plane, and the axis x is a bisector of the angle
between vectorsQk and Ql. The vector Q[l×k] is perpendicular to both Qk and Ql and has
length |[l×k]| = |k| |l| sinϑ. Therefore, the vectorQk has coordinates (|k| cos ϑ2 , |k| sin ϑ2 , 0),
the vector Ql has coordinates (|l| cos ϑ2 ,−|l| sin ϑ2 , 0), and the vector Q[l×k] has coordinates
(0, 0, |k| |l| sinϑ). The corresponding unitary rotation UQ ∈ {Ug}g∈SU(2) transforms the spin
9operators in accordance with formula (4) as follows:
UQ
(∑
α
kαJα
)
U †Q =
∑
β
(Qk)βJβ = |k|
(
cos
ϑ
2
Jx + sin
ϑ
2
Jy
)
, (24)
UQ
(∑
α
lαJα
)
U †Q =
∑
β
(Ql)βJβ = |l|
(
cos
ϑ
2
Jx − sin ϑ
2
Jy
)
, (25)
UQ
(∑
γ
[l× k]γJγ
)
U †Q =
∑
β
(Q[l× k])βJβ = |k| |l| sinϑJz. (26)
Substituting (24)–(26) in (23) and taking into account that |k|2 + |l|2 = 1, we get
UQFU
†
Q = cos
2 ϑ
2
J2x + sin
2 ϑ
2
J2y + (|k|2 − |l|2) sin
ϑ
2
cos
ϑ
2
(JxJy + JyJx) + |k| |l| sinϑJz
=
1
4
cosϑ(J2+ + J
2
−) + sinϑ
(
1
4i
(|k|2 − |l|2)(J2+ − J2−) + |k| |l|Jz
)
+
1
2
(J2x + J
2
y ).
(27)
Quantities |k|2−|l|2 and 2|k| |l| can be treated as cos η and sin η for some real η, respectively,
because (|k|2 − |l|2)2 + 4|k|2|l|2 = (|k|2 + |l|2)2 = 1. Hence,
UQFU
†
Q =
1
4
cosϑ(J2+ + J
2
−) + sinϑ
(
cosη
4i
(J2+ − J2−) +
sin η
2
Jz
)
+
1
2
(J2x + J
2
y ). (28)
If j = 1/2, then J2+ = J
2
− = 0, J
2
x = J
2
y =
1
4I, and UQFU
†
Q =
1
2 sinϑ sin ηJz+
1
4I. Clearly,
〈ψ|UQFU †Q|ψ〉 ≤ 12 = j.
If j = 1, then the matrix of operator UQFU
†
Q in the basis {|j,m〉}jm=−j has a rather
simple form. Its eigenvalues do not depend on ϑ and η and read 1, 1, 0.
For the cases j = 3/2 and j = 2 one can find eigenvalues of UQFU
†
Q and maximize them
with respect to ϑ and η to get upper bounds 9/4 and 4, respectively.
For j > 2 we develop the following technique.
Note that A cos η +B sin η ≤ √A2 +B2 for A,B, η ∈ R, so the average value〈(
1
4i
(|k|2 − |l|2)(J2+ − J2−) + |k| |l|Jz
)〉
≤ 1
4
√
〈i(J2+ − J2−)〉2 + 4〈Jz〉2. (29)
Similarly, C sinϑ+D cosϑ ≤ √C2 +D2 for all ϑ,C,D ∈ R, therefore
〈UQFU †Q〉 ≤
1
4
√
〈(J2+ + J2−)〉2 + 〈i(J2+ − J2−)〉2 + 4〈Jz〉2 +
1
2
〈(J2x + J2y )〉. (30)
Suppose the maximum in the right hand side of (31) is attained at some vector |ψ0〉, then
this maximum is also attained at the vector |ψθ〉 = e−iJzθ|ψ0〉 due to invariance of (31)
with respect to rotations around axis z. On the other hand, 〈ψθ|J+|ψθ〉 = eiθ〈ψ0|J+|ψ0〉,
which means that 〈J+〉 can always be chosen to be real, so 〈J+〉 = 〈J−〉. In other words,
〈UQFU †Q〉 ≤ max
ψ:〈ψ|ψ〉=1
1
4
√
〈ψ|(J2+ + J2−)|ψ〉2 + 4〈ψ|Jz|ψ〉2 +
1
2
〈ψ|(J2x + J2y )|ψ〉
= max
ψ:〈ψ|ψ〉=1
1
2
√
〈ψ|(J2x − J2y )|ψ〉2 + 〈ψ|Jz |ψ〉2 +
1
2
〈ψ|(J2x + J2y )|ψ〉. (31)
Denote a = 〈ψ|J2x |ψ〉, b = 〈ψ|J2x |ψ〉, and c = 〈ψ|Jz |ψ〉2. The dispersion of spin projection
onto axis z denote d = 〈ψ|J2z |ψ〉 − 〈ψ|Jz |ψ〉2 = 〈ψ|J2z |ψ〉 − c. Note that 0 ≤ a, b, c ≤ j2
and d ≥ 0. Since J2x + J2y + J2z = j(j + 1)I2j+1, we have a + b + c+ d = j(j + 1). Finally,
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from Lemma 3 it follows that c ≤ 9j2 j2−a2j−1 and c ≤ 9j2 j
2−b
2j−1 . Therefore, we simplify (31) as
follows:
〈UQFU †Q〉 ≤
1
2
max
a, b, c, d :
0 ≤ a, b, c ≤ j2
0 ≤ d
(2j − 1)c ≤ 9j2(j2 − a)
(2j − 1)c ≤ 9j2(j2 − b)
a+ b+ c+ d = j(j + 1)
√
(a− b)2 + c+ a+ b. (32)
Using the method of Lagrange multipliers one can readily see that the maximum in the
right hand side of (32) is attained on the boundary of region for parameters a, b, c, d. If
j > 2, then the maximum equals j2 and is attained at points with a = j2 and c = 0 or
b = j2 and c = 0.
Although we have considered the cases j = 1, 32 , 2 and j > 2 separately, their results can
be unified, namely, 〈UQFU †Q〉 ≤ j2 if j ≥ 1. Recalling the fact 〈UQFU †Q〉 ≤ 12 if j = 12 , we
obtain that 〈UQFU †Q〉 ≤ max(j, j2). Since this bound is valid for all normalized states |ψ〉,
we finally conclude that 〈F 〉 ≤ max(j, j2). 
Proposition 6 The maximal p-norm (p ≥ 1) and the minimal output entropy of the
Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) are equal to
νp(Φ) =
(jp + 1)1/p
j + 1
and Smin(Φ) = log(j + 1)− j
j + 1
log j, (33)
respectively, and are attained at the state |j, j〉.
Proof. Let |ψ〉〈ψ| be a pure state at which the maximal ∞-norm is attained. Then
‖Φ[|ψ〉〈ψ|]‖∞ = λ, where λ is the maximal output eigenvalue. On the other hand,
λ = max
χ6=0
〈χ|Φ[|ψ〉〈ψ|] |χ〉
〈χ|χ〉 = maxχ6=0
∑3
α=1 |〈ϕα|χ〉|2
j(j + 1)〈χ|χ〉 , |ϕα〉 = Jα|ψ〉. (34)
The vector |χ〉 maximizing (34) must belong to a linear span of vectors {|ϕα〉}3α=1, i.e.
|χ〉 = ∑3β=1 cβ |ϕβ〉. Introduce the Hermitian Gram matrix Gαβ = 〈ϕα|ϕβ〉 = 〈ψ|JαJβ |ψ〉
and the vector |c〉 = ( c1 c2 c3 )⊤ ∈ H3, then ∑3α=1 |〈ϕα|χ〉|2 = ∑3α=1 ∣∣∣∑3β=1Gαβcβ∣∣∣2 =
〈c|G2|c〉 and 〈χ|χ〉 = 〈c|G|c〉. Equation (34) can be further simplified with the use of vector
|c′〉 =
√
G|c〉:
λ =
1
j(j + 1)
max
c:
√
G|c〉6=0
〈c|G2|c〉
〈c|G|c〉 =
1
j(j + 1)
max
c′ 6=0
〈c′|G|c′〉
〈c′|c′〉 =
1
j(j + 1)
‖G‖∞. (35)
On the other hand, the ∞-norm of G reads
‖G‖∞ = max
u:u†u=I
3∑
α,β=1
uα1Gαβuβ1 = max
u:u†u=I
∥∥∥∥∥
3∑
α=1
uα1Jα|ψ〉
∥∥∥∥∥
2
. (36)
Since u is a unitary matrix, the vector u =
(
u11 u21 u31
)T
= k + il, where k, l ∈ R3
and u†u = |k|2 + |l|2 = 1. By Lemma 4 for any |ψ〉 the maximum in the right hand side of
(36) does not exceed max(j, j2). Therefore,
λ =
1
j(j + 1)
‖G‖∞ ≤ max
(
j
j + 1
,
1
j + 1
)
. (37)
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On the other hand, if |ψ〉 = |j, j〉, then by formula (14) we have Spec (Φ[|j, j〉〈j, j|]) ={
j
j+1 ,
1
j+1 , 0, . . .
}
. This implies that λ = max( jj+1 ,
1
j+1 ) and ‖Φ[|ψ〉〈ψ|]‖∞ is attained at
the vector |j, j〉.
Denote λ =
{
j
j+1 ,
1
j+1 , 0, . . .
}
. Since λ has only two nonzero components and the largest
component is ν∞(Φ), then λ majorizes all other output spectra µ. Here, we use the con-
ventional definition of majorization (Ref.20, Definition 12.1): a sequence of real numbers
λ = (λ1, λ2, . . . , λn) majorizes another sequence of real numbers µ = (µ1, µ2, . . . , µn)
if, after possible renumeration, the terms of the sequences λ and µ satisfy conditions
λ1 ≥ λ2 ≥ . . . ≥ λn, µ1 ≥ µ2 ≥ . . . ≥ µn, λ1 + λ2 + . . . + λk ≥ µ1 + µ2 + . . . + µk
for each k, 1 ≤ k ≤ n − 1, and λ1 + λ2 + . . . + λn = µ1 + µ2 + . . . + µn. In our
case, λ1 = ν∞(Φ), which guarantees λ1 ≥ µ1 for all other output spectra µ. Moreover,
λ1 + λ2 = 1 = µ1 + µ2 + . . . + µ2j+1 ≥ µ1 + µ2, therefore λ majorizes any other output
spectrum µ. Since functions y(x) = xlogx and y(x) = xp, p ≥ 1, are convex, the Shannon
entropy H(x) = −∑nk=1 xklogxk is a Schur-concave function of x ∈ [0, 1]n and the output
p-norm Vp(x) = (
∑n
k=1 x
p
k)
1/p
is a Schur-convex function of x ∈ [0, 1]n (Ref.20, Definition
12.23, Theorem 12.27). Therefore, H(µ) ≥ H(λ) and Vp(µ) ≤ Vp(λ) for all output spectra
µ. This observation results in formulas (33). 
Corollaries 1 and 2 are merely consequences of proposition 6.
Consider the second tensor power Φ⊗2 of a channel Φ : B(H) 7→ B(H). Suppose a density
operator ρ ∈ B(H). Then for the factorized input ρ⊗2 we have Φ⊗2[ρ⊗2] = (Φ[ρ])⊗2.
Obviously, the purity tr
[(
Φ⊗2[ρ⊗2]
)2]
of the state Φ⊗2[ρ⊗2] is equal to the square of the
purity tr
[
(Φ[ρ])
2
]
of the state Φ[ρ]. However, if one uses entangled input states ̺ent ∈
B(H⊗2), then in general the purity of the state Φ⊗2[̺ent] can be greater than the purity of
all possible factorized states Φ⊗2[ρ⊗2]. Therefore, in general ν2(Φ⊗2) > (ν2(Φ))
2
. Clearly,
if ν2(Φ
⊗2) > (ν2(Φ))
2
, then the maximal 2-norm for the channel Φ⊗2 is attained at some
entangled state.
Nevertheless, there exist some channels, for which ν2(Φ
⊗2) = (ν2(Φ))
2
and the use of
entangled inputs does not help to increase the output purity21. Among such channels,
there is a class of unital qubit channels22, so for the Landau–Streater channel Φ : B(H2) 7→
B(H2) the multiplicativity of the maximal 2-norm holds. Since the Landau–Streater channel
Φ : B(H3) 7→ B(H3) reduces to the Werner–Holevo channel, then the multiplicativity of the
maximal p-norm for such a channel holds for all 1 6 p 6 2, Ref.12, and is violated for
p > 4.79, Ref.6. The Landau–Streater channel for j > 1 cannot be analyzed in the same
way as the case j = 1 and does not satisfy the known sufficient criteria of multiplicativity
of the maximal 2-norm21. Despite this fact, if p = 2, our numerical investigations of the
cases j = 32 and j = 2 show that the maximal 2-norm is multiplicative within the accuracy
of calculations. We can make a conjecture that the maximal 2-norm is multiplicative for all
Landau–Steater channels Φ : B(H2j+1) 7→ B(H2j+1).
IV. COMPLEMENTARY CHANNEL
According to the Stinespring’s dilation theorem, the dual channel Φ† : B(H) 7→ B(H)
adopts a representation (Ref.1, Theorem 6.9)
Φ†[X ] = V †(X ⊗ IK)V, (38)
where IK is the identity operator in some Hilbert space K, V : H 7→ H ⊗ K is an isometry
operator, i.e., V †V = I.
In the case of the Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) the dual channel
Φ† coincides with Φ and the corresponding Stinespring’s dilation is achieved with the help
12
of the isometry operator V : H2j+1 7→ H2j+1 ⊗H3 of the form
V =
1√
j(j + 1)
 JxJy
Jz
 . (39)
Therefore, dimK = 3 and the Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) can be
realized via a 3-dimensional environment. In the Schro¨dinger picture of system-environment
interaction (Ref.1, Theorem 6.9), we have
Φ[ρ] = trK
[
V ρV †
]
= trK
[
U(ρ⊗ ξ)U †] , (40)
where ξ ∈ B(H3) is the pure initial environment state, U : H2j+1⊗H3 7→ H2j+1⊗H3 is the
unitary evolution operator. The general technique of finding U is described, e.g., in Ref.23,
section 8.2.3.
If one replaces the partial trace over environment trK by the partial trace over system trH
in formula (40), then one obtains a so-called complementary channel24 Φ˜ : B(H) 7→ B(K)
(also referred to as conjugate channel25):
Φ˜[ρ] = trH
[
V ρV †
]
= trH
[
U(ρ⊗ ξ)U †] . (41)
In the case of the Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1), the complementary
channel Φ : B(H2j+1) 7→ B(H3) maps spin-j states into 3-dimensional environment states
(also known as qutrit states). In what follows, we use the notation Id to denote the identity
operator I : Hd 7→ Hd.
Proposition 7 The channel Φ˜ : B(H2j+1) 7→ B(H3), which is complementary to the
Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1), transforms the maximally mixed input
state 12j+1I2j+1 into the maximally mixed output state
1
3I3.
Proof. Denote by Vα = [j(j + 1)]
−1/2Jα, α = 1, 2, 3, the Kraus operators of Φ and by V˜i,
i = 1, . . . , 2j + 1, the Kraus operators of Φ˜. These Kraus operators are mutually related
with each other by formula (Ref.24, formula (12))
〈αK|V˜i = 〈iH|Vα, (42)
where {iH}2j+1i=1 is the orthonormal basis in H (input) and {αK}3α=1 is the orthonormal basis
in K (output). Multiplying (42) from the left by |αK〉 and summing over α, we get
V˜i =
3∑
α=1
|αK〉〈αK|V˜i =
3∑
α=1
|αK〉〈iH|Vα = 1√
j(j + 1)
3∑
α=1
|αK〉〈iH|Jα. (43)
Action of the complementary channel Φ˜ on the maximally mixed state (2j + 1)−1I2j+1
reads
1
2j + 1
Φ˜[I2j+1] =
1
2j + 1
2j+1∑
i=1
V˜iV˜
†
i
=
1
j(j + 1)(2j + 1)
2j+1∑
i=1
3∑
α,β=1
|αK〉〈iH|JαJ†β |iH〉〈βK|
=
1
j(j + 1)(2j + 1)
3∑
α,β=1
tr
[
JαJ
†
β
]
|αK〉〈βK|. (44)
Since SU(2) generators Jα, α = 1, 2, 3, are Hermitian and satisfy the relation tr [JαJβ ] =
1
3j(j + 1)(2j + 1)δαβ (Ref.
3, section 2.3.4, formula (11)), then Φ˜[ 12j+1I2j+1] =
1
3I3. 
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A channel Φ is called degradable26 if there exists a channel T such that Φ˜ = T ◦ Φ.
Conversely, a channel Φ is called antidegradable26 if there exists a channel T ′ such that
Φ = T ′ ◦ Φ˜. The structure of degradable and antidegradable quantum channels is studied
in Ref.26. Further, we explore degradability and antidegradability of the Landau–Streater
channel for various values of j.
A. The case j = 1/2
If j = 12 , then the Landau–Streater channel Φ is antidegradable but not degradable. In
fact, in this case Φ is a qubit depolarization channel with depolarization parameter − 13 , so
it is entanglement breaking27 and, consequently, antidegradable. The Kraus operators of
the complementary channel Φ˜ are calculated via formula (43), which results in the following
form of Φ˜:
Φ˜[X ] =
1
3
 0 10 −i
1 0
X ( 0 0 1
1 i 0
)
+
 1 0i 0
0 −1
X ( 1 −i 0
0 0 −1
) . (45)
The factoring map T = Φ˜ ◦ Φ−1 is well defined, and its normalized Choi matrix28 ΩT =
T ⊗ Id2[|ψ+〉〈ψ+|], |ψ+〉 = 1√2
∑2
i=1 |i〉 ⊗ |i〉, reads
ΩT =
1
6

1 0 3i 0 0 3
0 1 0 −3i −3 0
−3i 0 1 0 0 3i
0 3i 0 1 3i 0
0 −3 0 −3i 1 0
3 0 −3i 0 0 1
 . (46)
Since ΩT has negative eigenvalues, T is not completely positive, and Φ is not degradable.
B. The case j = 1
If j = 1, then the Landau–Streater channel Φ is both degradable and antidegradable.
This follows from the fact that Φ : B(H3) 7→ B(H3) is unitarily equivalent to the Werner–
Holevo channel, which is both degradable and antidegradable (Ref.26, section 2.2). For the
sake of completeness, we list the Kraus operators of the complementary channel in this case:
V˜1 =
 0 12 00 − i2 0
1√
2
0 0
 , V˜2 =
12 0 12i
2 0 − i2
0 0 0
 , V˜3 =
0 12 00 i2 0
0 0 − 1√
2
 . (47)
C. The case j ≥ 3/2
Proposition 8 The Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) is not antidegrad-
able if j > 32 .
Proof. Since doubly complementary channel
˜˜
Φ is unitarily equivalent to Φ (Ref.1, Exercise
6.29), it is enough to demonstrate that Φ˜ : B(H2j+1) 7→ B(H3) is not degradable. The
output space for the complementary channel is 3-dimensional, so we use Theorem 10 in
Ref.26, which states that if Φ˜ : B(Hd) 7→ B(H3) is degradable, then the Choi rank of Φ˜ is
at most 3. Choi rank is defined as the rank of the Choi matrix28 ΩΦ˜ = Φ˜⊗ Idd[|ψ+〉〈ψ+|],
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with |ψ+〉 = 1√d
∑d
i=1 |i〉⊗ |i〉 being the maximally entangled state. The Choi matrix of the
complementary channel Φ˜ : B(H2j+1) 7→ B(H3) reads
ΩΦ˜ =
1
2j + 1
j∑
m,m′=−j
Φ˜[|j,m〉〈j,m′|]⊗ |j,m〉〈j,m′|
=
1
j(j + 1)(2j + 1)
3∑
α,β=1
j∑
m,m′,i=−j
〈j,m′|Jβ |i〉〈i|Jα|j,m〉 |α〉〈β| ⊗ |j,m〉〈j,m′|
=
1
j(j + 1)(2j + 1)
3∑
α,β=1
|α〉〈β| ⊗ J⊤α J⊤β
=
1
j(j + 1)(2j + 1)
 J2x −JxJy JxJz−JyJx J2y −JyJz
JzJx −JzJy J2z

=
1
j(j + 1)(2j + 1)
 Jx−Jy
Jz
( Jx −Jy Jz ) , (48)
where transposition is performed in the basis {|j,m〉}jm=−j and, therefore, J⊤x = Jx, J⊤y =
−Jy, J⊤z = Jz . Denote C =
(
Jx −Jy Jz
)
, then j(j+1)(2j+1)ΩΦ˜ = C
†C and rankΩΦ˜ ≤
rankC ≤ 2j + 1. On the other hand, CC† = j(j + 1)I2j+1 and j(j + 1)(2j + 1)CΩΦ˜C† =
CC†CC† = j2(j+1)2I2j+1. This implies that 2j+1 = rankCΩΦ˜C
† ≤ rankΩΦ˜. Combining
both inequalities, we get rankΩΦ˜ = 2j + 1. Thus, rankΩΦ˜ ≥ 4 if j > 32 . Therefore, Φ˜ is
not degradable26 and Φ is not antidegradable. 
Proposition 9 The Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) is not degradable
if j > 32 .
Proof. To prove that the factoring map T = Φ˜ ◦Φ−1 is not completely positive, it suffices
to verify negativity of some diagonal element of the Choi matrix ΩT = T⊗Id2j+1[|ψ+〉〈ψ+|],
|ψ+〉 = 1√2j+1
∑j
m′=−j |j,m′〉 ⊗ |j,m′〉. Consider the diagonal element
〈α| ⊗ 〈j,m|ΩT |α〉 ⊗ |j,m〉 = 1
2j + 1
〈α|Φ˜ ◦ Φ−1[|j,m〉〈j,m|]|α〉
=
1
2j + 1
2j+1∑
i=1
〈α|V˜i Φ−1[|j,m〉〈j,m|] V˜ †i |α〉 =
1
2j + 1
2j+1∑
i=1
〈i|VαΦ−1[|j,m〉〈j,m|]V †α |i〉
=
1
j(j + 1)(2j + 1)
tr
(
JαΦ
−1[|j,m〉〈j,m|] Jα
)
=
1
j(j + 1)(2j + 1)
tr
(
J2αΦ
−1[|j,m〉〈j,m|])
=
1
j(j + 1)(2j + 1)
tr
(|j,m〉〈j,m|Φ−1[J2α]) = 1j(j + 1)(2j + 1)〈j,m|Φ−1[J2α]|j,m〉. (49)
In derivation of formula (49) we have taken into account that Φ is a self-dual map and
tr(XΦ−1[Y ]) = tr
(
Φ
[
Φ−1[X ]
]
Φ−1[Y ]
)
= tr
(
Φ−1[X ]Φ†
[
Φ−1[Y ]
])
= tr(Φ−1[X ]Y ).
Let us fix α = 3 and calculate the operator Φ[J2z ] by using formula (13) and the spectral
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decomposition Jz =
∑j
m′=−j m
′|j,m′〉〈j,m′|:
Φ[J2z ] =
j∑
m′=−j
(m′)2Φ[|j,m′〉〈j,m′|] = 1
j(j + 1)
j∑
m′=−j
(m′)2
[
(m′)2|j,m′〉〈j,m′|
+
1
2
(j(j + 1)−m′(m′ − 1)) |j,m′ − 1〉〈j,m′ − 1|
+
1
2
(j(j + 1)−m′(m′ + 1)) |j,m′ + 1〉〈j,m′ + 1|
]
=
1
j(j + 1)
j∑
m′=−j
[(
j(j + 1)− 3)(m′)2 + j(j + 1)]|j,m′〉〈j,m′|
=
j(j + 1)− 3
j(j + 1)
J2z + I2j+1. (50)
This implies that j(j+1)j(j+1)−3Φ[J
2
z − I] = J2z and Φ−1[J2z ] = j(j+1)j(j+1)−3 (J2z − I). Substituting the
obtained result into formula (49) yields
〈3| ⊗ 〈j,m|ΩT |3〉 ⊗ |j,m〉 = 1
j(j + 1)(2j + 1)
〈j,m|Φ−1[J2z ]|j,m〉
=
m2 − 1
(2j + 1)(j2 + j − 3) . (51)
If j is a half-integer and j ≥ 32 , then 〈3| ⊗ 〈j, 12 |ΩT |3〉 ⊗ |j, 12 〉 < 0. If j is an integer and
j ≥ 2, then 〈3| ⊗ 〈j, 0|ΩT |3〉 ⊗ |j, 0〉 < 0. Therefore, the Choi matrix ΩT is not positive
semidefinite and T is not a channel. 
V. CAPACITIES
A. Classical capacity
Classical capacity29,30 C of a quantum channel Φ is known to be equal to the regularized χ-
capacity Cχ, i.e., C(Φ) = limn→∞ 1nCχ(Φ
⊗n), where χ-capacity is defined by the expression
Cχ(Φ) = sup
{pi,ρi}
[
S
(∑
i
piΦ[ρi]
)
−
∑
i
piS (Φ[ρi])
]
(52)
and {pi, ρi} is an ensemble of quantum states, in which the state ρi is presented with the
probability pi.
Further, we find Cχ(Φ) for the Landau-Streater channel (1).
Proposition 10 χ-capacity Cχ(Φ) of the Landau–Streater channel Φ : H2j+1 7→ H2j+1
equals
Cχ(Φ) = log
2j + 1
j + 1
+
j
j + 1
log j. (53)
If j = 1/2, then C(Φ) = Cχ(Φ) =
5
3 − log 3.
Proof. We exploit the fact that the Landau–Streater channel is SU(2) covariant. Since
the representation Ug of SU(2) group is irreducible, it follows from Refs.
31 that
Cχ(Φ) = S
(
Φ
[
1
2j + 1
I2j+1
])
−min
ψ
S (Φ[|ψ〉〈ψ|]) = log(2j+1)−min
ψ
S (Φ[|ψ〉〈ψ|]) . (54)
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The minimal output entropy of Φ is given by proposition 6. Substituting (33) into (54), we
get formula (53).
In the case j = 12 , χ-capacity is known to be additive
22, so C(Φ) = Cχ(Φ) =
5
3 log 2−log 3.

B. Entanglement assisted capacity
The entanglement assisted capacity Cea quantifies the maximal communication rate of
classical information transmission through a quantum channel Φ with the help of preshared
entanglement between the sender and receiver32. The fundamental result in quantification
of the entanglement assisted capacity is the following formula33,34
Cea(Φ) = max
ρ
{S(ρ) + S(Φ[ρ])− S(ρ,Φ)} , (55)
where S(ρ,Φ) is the exchange entropy35, S(ρ,Φ) = S(Φ˜[ρ]), with Φ˜ being the complemen-
tary channel with respect to Φ. We find the explicit form of the entanglement assisted
capacity for the Landau–Streater channel.
Proposition 11 The Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) has the entanglement-
assisted capacity Cea(Φ) = 2 log(2j + 1)− log 3.
Proof. Since Φ is irreducibly covariant by proposition 1, then it follows that the maximum
in (55) is attained on the maximally mixed input state ρ = 12j+1I2j+1 (Ref.
1, Proposition
9.3). Recalling that Φ is unital and the complementary channel Φ˜ transforms the maximally
mixed state 12j+1I2j+1 into the maximally mixed qutrit state
1
3I3 by proposition 7, we get
Cea = 2S[
1
2j+1I2j+1]− S(13I3) = 2 log(2j + 1)− log 3. 
C. Quantum capacity
The coherent information36 for a channel Φ : B(H) 7→ B(H) and state ρ ∈ B(H) is
defined through Ic(ρ,Φ) = S(Φ[ρ])− S(Φ˜[ρ]). Maximizing coherent information over states
ρ we get a “single-letter” quantum capacity Q1(Φ) = maxρ Ic(ρ,Φ). Quantum capacity
is known37 to be a regularized version of Q1, namely, Q(Φ) = limn→∞ 1nQ1(Φ
⊗n). If
Φ is degradable, than Q(Φ) = Q1(Φ), Ref.
38. If Φ is antidegradable, then Q(Φ) = 0,
Ref.39. If j = 12 or j = 1, then the Landau–Streater channels Φ : B(H2) → B(H2) and Φ :B(H3)→ B(H3) are antidegradable, so Q(Φ) = 0. Since the Landau–Streater channel is not
antidegradable if j > 32 by proposition 8, one can expect that Q(Φ) > 0 if j >
3
2 . Note that
Ic(ρ
⊗n,Φ⊗n) = nIc(ρ,Φ), Ref.35, and therefore Q1(Φ⊗n) = maxρ:ρ∈B(H⊗n) Ic(ρ,Φ⊗n) ≥
maxρ:ρ∈B(H) Ic(ρ⊗n,Φ⊗n) = nQ1(Φ). Consequently, Q(Φ) > Q1(Φ) ≥ Ic(ρ0,Φ) for any
density operator ρ0. This means that one can estimate the quantum capacity of the Landau–
Streater channel Φ : B(H2j+1) 7→ B(H2j+1) from below by Ic(ρ0,Φ). In fact, if we fix the
state ρ0 =
1
2j+1I2j+1, then Q(Φ) > Ic(
1
2j+1I2j+1,Φ) = log(2j + 1) − log 3. Thus, we have
just proved the following result.
Proposition 12 Q(Φ) = 0 for the Landau–Streater channels Φ : B(H2) 7→ B(H2) and
Φ : B(H3) 7→ B(H3). If j > 32 , then Q(Φ) > Q1(Φ) > log(2j + 1) − log 3 for the Landau–
Streater channel Φ : B(H2j+1) 7→ B(H2j+1).
VI. ENTANGLEMENT ANNIHILATION AND PRESERVATION
A state ρ ∈ B(HA ⊗HB) is called separable with respect to bipartition A|B if it can be
represented as the closure of convex combination
∑
i piρ
A
i ⊗ ρBi , where {pi} is a probability
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distribution, ρAi ∈ B(HA), and ρBi ∈ B(HB), Ref.40. The channel Φ : B(HA) 7→ B(HA) is
called entanglement breaking if Φ⊗ IdBk [ρ] is separable for all input states ρ ∈ B(HA⊗HB),
with k = dimHB being arbitrary41. Entanglement-breaking channels are exactly measure-
and-prepare ones, and their structure is well known41. The channel Λ : B(HA ⊗ HB) 7→
B(HA ⊗ HB) is called entanglement annihilating if Λ[ρ] is separable for all input states
ρ ∈ B(HA ⊗ HB)42. The structure of entanglement annihilating channels is fully studied
for local qubit channels Λ = Φ1⊗Φ243 and partially studied for other classes of channels44.
We focus on entanglement-annihilating properties of the map Λ = Φ ⊗ Φ, where Φ is the
Landau–Streater channel. As we show below, Φ ⊗ Φ is not entanglement annihilating if
j > 1, from which it will follow that Φ is not entanglement breaking and Φ ⊗ Φ is not
absolutely separating45.
Proposition 13 The second tensor power of the Landau–Streater channel Φ : B(H2j+1) 7→
B(H2j+1), Φ⊗Φ, is entanglement annihilating if j = 12 and is not entanglement annihilating
for all j > 1.
Proof. The case j = 12 corresponds to the qubit depolarizing channel with depolarization
parameter q = − 13 . Entanglement annihilation by Φ⊗ Φ in this case is proved in Ref.42.
Let j > 1. In what follows, we prove that Φ ⊗ Φ is not entanglement annihilating by
presenting a bipartite entangled state, which remains entangled after the action of Φ ⊗ Φ.
Consider the vector |φ〉 ∈ H2j+1 ⊗H2j+1 of the form
|φ〉 = 1√
2
(|j, j〉|j, j〉 + |j,−j〉|j,−j〉) , (56)
where |j,m〉 denotes the spin-j state vector corresponding to the definite spin projection m
onto z axis, Jz |j,m〉 = m|j,m〉, m = j, j−1, . . . ,−j. Let ⊤ be the transposition in the basis
{|j,m〉}. Since ⊤ ◦ Φ[X ] = Φ[X⊤] for the Landau–Streater channel Φ, then the partially
transposed output state Φ⊗ (⊤ ◦ Φ)[|φ〉〈φ|] is given by formula
2Φ⊗ (⊤ ◦ Φ)[|φ〉〈φ|] = Φ[|j, j〉〈j, j|] ⊗ Φ[|j, j〉〈j, j|] + Φ[|j,−j〉〈j,−j|]⊗ Φ[|j,−j〉〈j,−j|]
+Φ[|j, j〉〈j,−j|]⊗ Φ[|j,−j〉〈j, j|] + Φ[|j,−j〉〈j, j|]⊗ Φ[|j, j〉〈j,−j|]. (57)
Using the channel representation Φ[X ] = [j(j + 1)]−1
(
1
2J−XJ+ +
1
2J+XJ− + JzXJz
)
and
formula (12), we get
Φ[|j,±j〉〈j,±j|] = j
j + 1
|j,±j〉〈j,±j|+ 1
j + 1
|j,±j ∓ 1〉〈j,±j ∓ 1|, (58)
Φ[|j,±j〉〈j,∓j|] = − j
j + 1
|j,±j〉〈j,∓j|. (59)
If j > 1, then the supports of operators Φ[|j, j〉〈j, j|] ⊗ Φ[|j, j〉〈j, j|] + Φ[|j,−j〉〈j,−j|] ⊗
Φ[|j,−j〉〈j,−j|] and Φ[|j, j〉〈j,−j|] ⊗ Φ[|j,−j〉〈j, j|] + Φ[|j,−j〉〈j, j|] ⊗ Φ[|j, j〉〈j,−j|] are
orthogonal. Moreover, the operator
Φ[|j, j〉〈j,−j|]⊗ Φ[|j,−j〉〈j, j|] + Φ[|j,−j〉〈j, j|]⊗ Φ[|j, j〉〈j,−j|]
=
j2
(j + 1)2
(|j, j〉〈j,−j| ⊗ |j,−j〉〈j, j|+ |j,−j〉〈j, j| ⊗ |j, j〉〈j,−j|) (60)
is not positive semidefinite as it has a the negative eigenvalue − j2(j+1)2 . Therefore, the
partially transposed state Φ⊗ (⊤ ◦Φ)[|φ〉〈φ|] is not positive semidefinite and Φ⊗Φ[|φ〉〈φ|]
is entangled by the Peres–Horodecki criterion46,47. 
Proposition 14 The Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) is entanglement
breaking if j = 12 and is not entanglement breaking if j > 1.
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Proof. If j = 12 , then the Landau–Streater channel reduces to a depolarizing qubit channel
with depolarization parameter q = − 13 . Such a channel is known to be entanglement
breaking27.
Let j > 1. Suppose that the Landau–Streater channel Φ : B(H2j+1) 7→ B(H2j+1) is
entanglement breaking, then Φ ⊗ Φ must be entanglement annihilating by construction42.
By proposition 13 it is not the case. This contradiction implies that Φ is not entanglement
breaking. 
VII. CONCLUSIONS
The channel (1) has been originally constructed as an example of a unital completely
positive and trace preserving map, which is extremal in the set of channels if j > 1 and,
consequently, is not random unitary. By construction, the example of Landau and Streater is
SU(2) covariant for all j and, surprisingly, is globally unitarily covariant if j = 12 and j = 1.
We have proved that for j > 1 the Landau–Streater channels is not U(2j + 1) covariant, so
global unitary covariance is a peculiar property of spin- 12 and spin-1 maps. Using the theory
of angular momentum, we have explicitly found the spectrum of the Landau–Streater map
in proposition 4 and pointed out that Φ always has negative eigenvalues. Negativity of
those eigenvalues indicates that Φ cannot be obtained as a result of Hermitian Markovian
quantum dynamics.
We have found the Stinespring dilation of the Landau–Streater channel, which reveals
its physical realization. The Landau–Streater channel can be implemented as a result of
the controlled interaction between a spin-j particle (system) and a spin-1 particle (envi-
ronment). The partial trace over environment results in the Landau–Streater channel Φ,
whereas the partial trace over system results in the complementary channel Φ˜. The im-
portant property of the complementary channel is its action on the maximally mixed input
state, which we have established in proposition 7. If j = 12 , then the Landau–Streater
channel is antidegradable but not degradable. If j = 1, the Landau–Streater channel is
unitary equivalent to the Werner–Holevo channel, so in this case Φ is both degradable and
antidegradable. For larger spins (j > 32 ) the Landau–Streater channel is neither degradable
nor antidegradable.
Using the theory of angular momentum, we find the minimal output entropy of the
Landau–Streater channel in proposition 6. Combining this result with SU(2) covariance,
we have managed to calculate the χ-capacity (proposition 10) and the entanglement-assisted
capacity (proposition 11). Also, we have estimated the lower bound on quantum capacity
of the Landau–Streater channel (proposition 12).
We have explored the entanglement dynamics induced by the Landau–Streater channel.
The channel is shown to be entanglement breaking if and only if j = 12 . The channel’s
second tensor power Φ ⊗ Φ does not annihilate entanglement for any j > 1. We have
constructed the state with Schmidt rank 2, formula (56), which remains entangled when
affected by Φ⊗ Φ.
Finally, we have discussed the multiplicativity property of the maximal p-norms for the
Landau–Streater channel and conjectured multiplicativity of the maximal 2-norms with
respect to the second tensor power of the channel.
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